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ABSTRACT: The decay constant I'(q) of coherent quasielastic scattering correlation functions is calculated for flexi-
ble polydisperse linear chains obeying Schulz-Zimm chain length distributions. The relationships cover the whole
region from quasielastic light scattering (gb < 1) up to coherent quasielastic neutron scattering (gb = 1). The calcu-
lations take account of hydrodynamic interaction between segments (Zimm model). Identical curves are obtained
for all polydispersity parameters m = (Py/Pp) 1 if I'/q? = Dapp(q) is plotted against g. The curves can in a wide range
of g be approximated by I'/q? = 0.053¢(kT/n0). At very large ¢ values deviations from the straight line up to 10% are
obtained. At very small g values the curve can be extrapolated toward g — 0; the resulting intercept is the z-average
diffusion constant D,. A plot of Dapp/D; vs. u? = (S2),q2? yields at low u2 values a common straight line of slope % for
all m parameters. Therefore, quasielastic light scattering allows determination of D, and (S?), simultaneously.
While the curves Dypp/D, as a function of u depend only slightly on polydispersity, D, has a more pronounced polydi-
spersity dependence. The product D,(S?%),1/2, directly measurable by means of quasielastic light scattering, varies
within 15% when passing from monodisperse to polydisperse chains with P,/P, = 2. This variation is sufficient for
a determination of the polydispersity of large linear macromolecules.
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Since the development of theories for the dynamics of
flexible polymer chain molecules by Rouse,! Bueche,? and
Zimm? and the versatile range of experimental techniques for
measuring quasielastic neutron* and quasielastic light scat-
tering®® many attempts have been undertaken to calculate
the quasielastic scattering functions. The problem was first
attacked by Pecora™ and partially solved for fairly small
values of (S2)q?2,°? where (S?) is the mean-square radius of
gyration and g = (4%/X) sin /2 is the value of the scattering
vector, with A the wavelength of the scattering wave in solution
and 6 the scattering angle. The behavior at large values of
(S2)q?, the region of neutron scattering, was calculated by de
Gennes!® and Dubois-Violette and de Gennes!! who applied
a different technique of calculation. Recently, Akcasu and
Gurol!? succeeded in the derivation of equations which cover
the full range of g values accessible to quasielastic light and
neutron scattering. This result became possible by application
of the linear response theory combined with the projection
operator technique developed for purposes of polymers by
Bixon!3 and Zwanzig!415 (also, see Berne et al.1617).

The purpose of the present paper is the derivation of for-
mulas for the decay constant (or line width) in the scattering
correlation function for polydisperse systems of ideal linear
chains. This is easily performed by means of cascade theory
when the formulas derived by Akcasu and Gurol are brought
into a slightly different form.

Dynamic Equations for Monodisperse Chains

According to linear response theory!3-16 the time correlation
function of a dynamic process is given by

dg,(t)

t
- =—1‘g1<t>t+j; et —wdu (1)

where T is called the “frequency” and ¢(¢) the “memory”
term. Estimates by Zwanzig!¢ show that the memory function
¢(t) for Brownian particles is a rapidly decaying correlation
function and negligibly small at correlation times larger than
10~8 5. Neglecting therefore the memory term, eq 1 can be
integrated formally to yield

g1(t) = exp(-Tt) (2)

where T is now the decay constant.
In coherent quasielastic scattering the dynamic variable of
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interest is
N .
plt) = _Zl exp(iqR;) (3)
j=

where N is the number of segments (in the sense of the
Rouse-Zimm meodel) in a particle, and R; is the position vector
of the jth segment from the origin. The value of the scattering
vector q is connected with the scattering angle # and the
wavelength of the primary beam in the solution

q = (4m/\) sin 6/2 (4)

With the dynamic variable of eq 3 the time correlation
function of the quasielastic scattering is defined as

g 1t) = (p(0)p*(t))/{p(0)p*(0)) (5)

where the angle brackets denote the ensemble average. The
decay constant I' is given in the notation of projection oper-
ators as

I = (p,.Lp)/(p,p) (6)

where explicitly written

(p,Lp) = j; " (p(0)Lp*(0))¥olR} dfR} M

and
() = j; " (0(0)p*(0)olR} diR} = (p(0)p*(0))  (8)

The function ¥R} is the equilibrium distribution function
(t = 0) for the coordinates of the chain and may be expressed
as usual by the partition function of the system. Finally L is
an operator which was derived by Bixon!3 from Kirkwood’s
generalized diffusion equation!8

N N
L= [;Z(kT)_lle-DU-V}'—VI-DU'VJ'] )]
J

Equation 8 is related to the particle scattering factor Pn(q)
which becomes clear when eq 3 is inserted in eq 8

N
(6(0)9*(0)) = 3 (explia - [Ri(0) — R;(O)])
J

= N?Pn(q) (10)

where the last equality follows directly from the theory of
elastic scattering.19-21
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As shown by Bixon!? relationship 7 can be rearranged
without any specification to a model as follows

N N .
(p,Lp) = 1; 2 q-{(Djexpliq- Ry)) -q
j

N
+ Elq (D) -q (11

Here the angle brackets mean the average with respect to the
pair distance distribution P(R,;;) where R;; = R,;(0) — R;(0),
i.e., at times ¢t = 0. The diffusion tensor is defined as

D;= kT[le - f—llﬁlj] (12)

where T); is the Oseen tensor which describes the hydrody-
namic interaction between segments j and [

Ty = @rnoRi) Y1 + RiR;/R;;?) (13)

Assuming Gaussian statistics the pair distance distribution

is given by
3 3/2 3 |Ry|2 )
—5 —s—t ) (14
27rb2|l—-]l> exp( sboi—g) Y

Akcasu and Gurol were able to perform the required inte-
gration in eq 11, Their formula is, however, fairly complicated
and is not suited for application to cascade theory or other
techniques for calculating averages over a molecular weight
distribution. Instead, therefore, the preaveraged diffusion
tensor is used, i.e.,

(Dyjj expliq- Ry)) = (Dy;) (expliq - Ry))) (15)

This approximation appears to be justified in the light of the
calculations by Akcasu and Gurol who compared the exactly
averaged function with that of the preaveraged diffusion
tensor. Appreciable deviations were found at values of gb ~
1 only, where b? is the mean-square distance between two
consecutive segments. In that region the validity of a Gaussian
pair distance distribution is doubtful anyway.

With the use of the preaveraged diffusion tensor eq 11 be-
comes

P(Ry) = (

(o,Lp) = Q2(RT/) [N T (¢/nob)(1/61272)

N N
xlz_z|z—jl-1/2exp<—q2b2u—jms)] (16)
=]

Since

® 1 T 1/2
-7l - 1) g = 5 () 17
j;exp(ﬁl ihds=3 =] (17
eq 16 may be written in a form which is more convenient for
the calculations below

2
(p,Lp) = q%kT/?) [N + FIICENN

= N N .
x f17 8 S epi-tam2e + - ih ds]| a8)
Y 1)

The three eq 6, 10, and 18 are the starting relationships for the
calculation of the average decay constant I'qs observed in
quasielastic scattering from polydisperse systems.

Polydisperse Linear Chains

General Relationships. In monodisperse systems the
autocorrelation function of a linear chain is a single expo-
nential and can be exhaustively described by the decay con-
stant of eq 6. In polydisperse systems the normalized corre-
lation function is the sum of exponentialg!?-22.23

ZwnMNPn(g) exp(-Tn{g)t)
SwnMnPnr(g)

g1(t) = (19)

Macromolecules

where wy is the weight fraction of chains of molecular weight
Mn, particle scattering factor Pn(g), and the decay constant
I'n(g). The function in eq 19 is clearly not a single exponential
but has a weaker decaying tail. The initial part of the function
can still be approximated by an exponential with an average
decaying constant T'qs which is found by expansion of the
exponentials in eq 19

Tos = SwnMNPn{(@Q)Tn{g)

ZwnMNPn(g)
Only the initial part of Z,(¢) can be described with eq 20 but
not the full correlation function which contains further details

on the molecular weight distribution wn.
Inserting eq 6 into eq 20 one obtains

= _ ZwnN~Yp,Lp)

(20)

% = SunNPy(Q) .
where use was made of eq 10. Since for Gaussian chains
(exp(iq - Ry)) = exp(—q2b2|l — j|/8) (22)
one obtains from eq 21 and 18
Tags=T1+T; (23)
with
T1= (q2kT/)/(PuPy(q)) (24)

- 2 -
T2 = [@RT/O/PPA) Gy ) TN
O

N
x S exp(—(82 + g2b2/6)|l — j|) dB  (25)
=

where the relationship has been used

N

« N
PyPi(g) = Nzl wyN~1 IZ exp(—(g2b%/6) [ — ji)
N= =1

=1j=

= VZ1 wyNPn(q) (26)
P is the weight-average degree of polymerization and P,(q)
the z average of the particle scattering factor. The first term
in eq 23 represents the so called Rouse term, and the second
term takes account of the hydrodynamic interaction (Zimm
term).
The sums in eq 25 and 26 are of the general form

@ N N ® N N R
Y wnNTIY Y= X wyNTL YT ¥l (27)
N=1 I#]j N=1 i)

where
_ [exp(—q?b?/6) ineq 26
exp(—(8% + ¢2b2/6)) ineq25

Sums of that kind can be readily evaluated by means of path
weighted generating functions as introduced by Kajiwara et
al.2* To this end the chains are represented as rooted trees
where any of the repeat units chosen at random may be
“planted” as the root of a “tree”. These trees from linear
chains have, of course, two branches only. Since any of the
repeating units have the same chance to become a root, one
has to consider the full set of trees where each of the N units
of an N-mer has become the root of a tree. Equation 27 can
then be rearranged

© N N @ N N
Z wN]\]_1 Z Z ¢lj = Z wNZ\]_1 Z Z MinN®n (28)
N=1 1] N=1 I=1n=1

In this equation at the right [ is the running index for the roots,
and m,n the number of units in the n-th generation of an
N-meric tree if the repeating unit [ was chosen as root. ¢, is
a function of the length of a path running from a unit in the
nth generation to the root, i.e., the number m,y is weighted
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according to the path length which corresponds to the distance
between two chain elements [ and j. The sum of eq 28 is de-
rived by a simple differentiation process of a probability
generating function of the type

N ;
T weN-1 S s amnen (29)
N=1 =1

Uols) = ¥

from which one finds

dUo(s)

’ 1 =
U ds ls=1

© N N
=3 wyN"' Y ¥ mun¢n  (30)
N=1 I=1n=1

The path weighted generating function of eq 29 can be con-
structed from link probabilities by the cascade theory, a
technique first discovered by Watson and Galton,?? forgotten,
rediscovered by R. Fisher,26 further developed by Good,27:28
and adapted and applied to polymers by Gordon and his co-
workers.29:30 Link probabilities are defined as the probabilities
for the formation of a bond between two monomer units. In
polycondensates the link probability is equivalent to the ex-
tent of reaction, and in addition polymers the link probabili-
ties can be calculated from the kinetic constants.3!

Linear Chains which Obey the Schulz-Zimm
Molecular Weight Distribution

The Schulz-Zimm molecular weight distribution results
from an (m — 1)-fold convolution of a Schulz-Flory most
probable distribution (coupling of m primary chains having
the most probable distribution}.32:33 For large chain lengths
this distribution has the form

Nm
wy = —'y””’l exp(—yN) (31)
m!

with
y=m/P,=1—-«a (32)

In these equations P , tenotes the number-average degree of
polymerization. Here y~1 = P,/m = P, is the number-aver-
age degree of polymerization of the primary chains before
coupling which according to Flory is given by34

Pro=(1=a)! (33)

where «, briefly called link probability, is the probability that
two monomers have reacted.

The path weighted generating function based upon this link
probability and the cascade theory has been derived by
Franken and Burchard previously.?® For the derivative the
authors obtained

Uy(l) = ¢+ 2 an: (m—k+ a)(l —a)-1
mp=1

© - -
X [ T oalttb 3 bl Y g ik] (34)
ir=1 io=1 ix=1

This equation simplifies considerably under conditions such
that

b = 0" (35)
2 mom—-k+ -

To/(1) = o+ — 3. = & [(1 “)‘1’] (36)
me=1 1|l—« 1-ap

The term ¢o added here is the weight of the root when the path
length is zero.This term vanishes for all weighting functions
which can be written as

gi=|l—j|® (37

where a is a rational number.
Insertion of ¢ = exp(—¢q2b2/6) exp(—32) in eq 36 yields for
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Table I
Values of the Constants c(k) in Equation 45 for Different

k Values

k c(k) k c(k)

1 1.000 5 1.365

2 1.000 6 1.475

3 1.124 7 1.576

4 1.250

Tqs defined in eq 23

Tas = (@2 T/0/(PuPy(0)) [1 + 20/(612x20b)

2 mm=-k+ta (= /(1-a)Zexp(=BH\* ]
x m kz=:1 11—« »ﬂ) ( 1~ aZ exp(~8?) ) d8 38)

with the abbreviation
Z = exp(—q2b?%/6) (39)

The relationship for P P,(q) is obtained for 3 = 0, and P, is
found from eq 38 for 3 = ¢ = 0. The latter relationships were
calculated previously®® and are listed below together with P,
and the polydispersity P./P,

T = T
P,=(m+ a)/(1 - a) (41)

P,=m/(1 - ) (42)

P /Py=1+a/m=1+1/m (43)

Finally the translational diffusion constant is obtained from
eq 37 by setting ¢ = 0in I'gg/q?,ie,Z =1

kT
D, = 13‘}[1 + 2¢/(81272n0b)
2gmokta (= (=) ey
ka§1 l-« J(‘) <1—aexp(—52)> dg  (44)
Computations

The integral in eq 38 can be approximated by

©[(1-a)Z exp(—62)]k
j; [ 1 — aZ exp(—§2) a3
_(1-aF [ L5c(k)
k (1 — aZ)k=05

- 1.1] (45)

where the constants c¢(k) are listed in Table I. The approxi-
mation is valid within 0.1% for the k values given in the table
if 0.875 < aZ < 1.0. For larger k values c¢(k) is no longer a
constant but depends slightly on the magnitude of aZ, and
the integrals have to be evaluated numerically. With the ap-
proximation of eq 45 one has

= (PP 1+

g2kT/¢ 61/222n0b

2 m m—k+a(l—-a)* 1.57¢c(R) ]
X — -

m kgl 11—« k <(1 — aZ)k—05 Ll) (46)
and
D, kT [1+ 2% 2 mm—k+a

Py¢ 612n2nb miks1 11—«
1.57¢(k) (1-a)*
<k(1 — )05 L1 k >] (47)

For large Py, the link probability is & ~ 1, and the second
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Table IT
Variation of the Constants K; and K, with the
Parameter m = (Py,/P,—1)"1¢

Py/Py m K, Kpu
2.0 1 0.0918 0.1836
15 2 0.0884 0.1874
1.333 3 0.0864 0.1892
1.25 4 0.0852 0.1905
1.20 5 0.0844 0.1914
1.167 6 0.0838 0.1920
1.143 7 0.0832 0.1921
1.0 - 0.0800 0.1960

@ The values for the monodisperse case were taken from
Yamakawa.36

term in eq 46 and 47 is large compared to 1. Hence

q2 = app(q)
mom+ 1 1 —a\k=05
0. £ (1) e ({25)
= 1 (48)
moo/m
Pia) 5 <T - 1) c(k)
and
D, =T o1200(5%),-1n —2
70 m(m + 1)
m+2\12 m /m+1
("R (B
D, = EL K (my(s7), 112 (49)
no
or
D, =L g, (m)P,17 (50)
bno
with
6 + 1)\ 1/2
K pu(m) = (%) Kq(m) (51)

Here use has been made of a relationship for the mean-square

radius of gyration derived previously?35

(m+1)(m—1+3a)_)b2/6m+2
1-a)(m+a) 1 -«

The values of K, and K are listed in Table II for various m
values.

(S?), = b2%/6 (52)

Discussion

Angular Dependence of the Decay Constant. A fairly
simple relationship is obtained from eq 48 for the case m =1,
which represents the most probable molecular weight distri-
bution.

&_S. = = DZ < -« >1/2
o TP p g Tz

1+ a
=D, (
P2(q) Ttz

The arrow indicates the limit of large degrees of polymeriza-
tion (o ~ 1) and fairly small ¢ values. In that limit the particle
scattering factor is35:33

P,(g) = (1 + (S?),4%/3)71 (54)
and thus with eq 53
Dapp(q) = D,(1 + (82),2/3)*172 (55)

1/2
) ez =D (53)
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Figure 1. Plot of Dg,p/D, against P,(q)~'2 for chains of different
polydispersity. Dapp = I'qs/g? is an apparent diffusion constant, D,
= Dgpp (g = 0) is the z average of the translatory diffusion constant,
and P,(q) is the z average of the particle scattering factor. m = (Pw/Py
— 1)~!is a parameter describing polydispersity. Dotted line: direct
proportionality with P,(g)~/2(P,, = 108).
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Figure 2. Plot of Dapp/D, as a function of u = (S2),1/2g for chains of
different polydispersity; insert: behavior at small u values (light
scattering region) (Py, = 1086),

From this equation it follows for small g
Dapplq) = D,(1 4+ (S2),¢%/6 +..) {66)
and for large ¢
Dapp(q) — D,(S2),%1/23-1/2¢ (57)
With eq 49’ this can also be written as

kT
Dapplq) = ——0.053¢ (58)
0

The same g dependence has been derived previously for in-
finitely long monodisperse chains by Dubois-Violette and de
Gennes,!! by Freed et al.,3” and by Akcasu and Gurol,12 but
with the slightly larger constant of 0.055. The smaller value
is probably the consequence of the preaveraged Oseen tensor
approximation, since Akcasu-Gurol found with monodisperse
chains also a slightly lower curve (their Figure 2) when using
the preaverage approximation. We did not succeed in deriving
the corresponding numerical constants for chains of inter-
mediate polydispersity (m > 1). Numerical calculations show,
however, no noticible change of the constant.

The relationships of eq 53 to eq 58 suggest similar behavicr
for chains with m > 1, i.e., Schulz-Zimm distributions.32:33
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Figure 3. Dependence of Dap/D, as a function of u? = (S2),q2 for
chains of different polydispersity. Dotted line: initial slope Y(Py =
108),
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Figure 4. Variation of (a) D,(S2),/2 with polydispersity and (b)
D,bP 12 with polydispersity. m = (Py/P, — 1)~L, Ordinates in units
of kT/no where ng is the solvent viscosity.

Figure 1 shows a plot of D,,,/D, against P,(g)~1/2. One finds
small deviations from the simple P,(q)~12 dependence to
lower values, and these deviations are slightly more pro-
nounced for monodisperse (m > 1) than for polydisperse
chains (m = 1). The plot of D,pp/D, against u = (82),1/2g on
the other hand gives for the various m values a deviation in
the opposite direction. The lines are almost linear but bend
down slightly for large u values (neutron scattering region).
In that region a correction term similar to eq 53 becomes ef-
fective; the deviations are, however, not larger than 10%. At
low u values (light-scattering region) the curves show an up-
turn as expected from eq 55. A plot of Dapp/D, against u? in
Figure 3 gives a common curve for all m values with a clearly
linear initial part. The slope is Y.

The results can be summarized as follows: (1) The ap-
parent diffusion constant Tqs/q?, or the line width Tqs(q),
exhibits almost no dependence on polydispersity and chain
length at medium and large values of the scattering vector g.
The change due to polydispersity lies within 4% when passing
from monodisperse to polydisperse chains with most probable
molecular weight distribution. (2) At small g values a linear
slope is obtained when Dy, is plotted against ¢2 the intercept
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gives the translational diffusion constant D,, and the initial
slope is Y5(S2),.

Translational Diffusion Constant. The z average of the
diffusion constant D, shows a more pronounced dependence
on polydispersity. This influence is contained in the depen-
dence of K and K, respectively, shown graphically in Figure
4, Of the two constants, K is of particular interest. Its value
can directly be determined from the product of the intercept
and the initial slope of the quasielastic light-scattering mea-
surements

Ky(m) = (no/RT)D,(S?),!/? (497)

The variation of this constant with polydispersity is not larger
than 15%. In view of the high accuracy of quasielastic light-
scattering measurements eq 49" provides therefore a good
method for the determination of the polydispersity Py/Pp of
linear chains.
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